Kubo's canonical correlation function describes the static response of a system in equilibrium to infinitesimal local perturbations. We use the Lieb-Robinson bound to investigate the relation between the spatial decay of Kubo's canonical correlation and that of the ordinary correlation for quantum systems at positive temperature. Away from phase transitions, we prove that Kubo's canonical correlation decays faster than any power of the distance. At a phase transition, our method gives a significantly slower decay rate for the canonical correlation than for the ordinary correlation. This suggests that there could be critical phenomena at positive temperature that are of quantum nature.
Introduction
In a quantum many-body system in thermodynamic equilibrium and away from a phase transition, correlations of local observables decay exponentially with respect to spatial separation. In fact, a slower decay rate, such as a power law, is often taken as a definition of a phase transition. In linear response theory, Kubo's canonical correlation function is another important quantity [1] . It describes equilibrium response of a system to an infinitesimal local perturbation. Since Kubo's canonical correlation function and the ordinary correlator become the same function in the classical limit, we expect there to be a mathematical relation between their spatial decay rates more generally.
In this paper, we state and prove such a relation for systems with locality or certain approximate locality (finite speed of propagation up to exponentially small error). Locality is guaranteed in relativistic systems, but the approximate version is also present in many non-relativistic systems, such as quantum lattice models with local Hamiltonians.
Main Result
We consider a quantum system defined on a space Γ with a metric d. For (finite or compact) X, Y ⊂ Γ, we let d(X, Y ) = min x∈X,y∈Y d(x, y) and diam(X) = max x,y∈X d(x, y). We associate to a (finite or compact) X ⊂ Γ an algebra A X of observables supported on X. We assume if X ⊂ Y ⊂ Γ, we can naturally include A X into A Y . Then we can take the union over all such algebras and take the norm completion to get a C * -algebra A. A reference for details of such a construction is [4] . We adopt the Heisenberg picture and define dynamics on the C * -algebra A. In particular we have τ : R → Aut(A), a strongly continuous one-parameter group of automorphisms. The mathematical theory of operator algebras allows us to write τ explicitly as
where H is a unique (unbounded) self-ajoint operator. As the notation z above suggests, we analytically extend the domain of τ from R to C. A concrete example is the quantum lattice model with local interactions. In this case, Γ is a discrete (infinite) set of vertices with a metric d. Each x ∈ Γ comes with a Hilbert space H x of a fixed finite dimension. For a finite X ⊂ Γ, we let H X = x∈X H x be the associated Hilbert space and A X = B(H X ) be its algebra of observables. Then the above process gives us a C * -algebra A. A local interaction Φ defines dynamics.
An interaction Φ is a mapping that takes any finite X ⊂ Γ to a self-adjoint Φ(X) ∈ A X . For any finite Λ ∈ Γ, the finite volume Hamiltonian
is well defined. Under some bounded condition on the interaction, we are able to extend this into a full lattice Hamiltonian H which gives us the dynamics. The details can also be found in [4] . When working with the algebra of observables (instead of the Hilbert space of pure states), we define a state as follows:
A state φ : A −→ C is a positive linear functional of norm 1. Therefore, for any A ∈ A, we have a crude bound |φ(A)| ≤ A .
A state is said to satisfy the Kubo-Martin-Schwinger (KMS) condition if for any A, B ∈ A z ∈ C,
The KMS condition is an algebraic characterization of a state in equilibrium at temperature T = 1/β (see [5] for more details). We say the KMS state φ is away from phase transition if for any
Kubo's canonical correlation function is defined as
Then, Theorem 1. For a system as above, let A, B be operators supported on (finite or compact) sets X, Y , respectively. If the system possesses the approximate locality defined next section, then for any KMS state at temperature T = 1/β > 0 the following holds:
• Away from phase transition, A; B φ decays faster than 1/l n for any integer n > 0 as l → ∞, where l = d(X, Y ).
• At phase transition, if A, B φ decays by a power law 1/l p with p > 1, then the decay rate of A; B φ is at least the power law 1/l p−1 2 .
3 Approximate Locality Locality in a system is characterized by a finite propagation speed of information. In general non-relativistic systems do not possess locality, however, many of them are local up to an exponentially small error. To make such a condition precise for the systems we consider, we interpret propagation of information as the grow of the support of τ t A, where A is supported on some (finite or compact) set X ⊂ Γ. As such, we define approximate locally as follows:
Definition. In a system defined as above, let A ∈ A X . We say the system is approximately local if for any r > 0, t ∈ R, there exists A r (t) an operator supported on the ball B r (X) of radius r around X, such that
where µ, v are positive absolute constants and C A is independent of r and t.
Remark. Given
we can take r = l/2 and deduce from approximate locality the following:
In the first step, we used the fact [A, B r (t)] for r = l/2. Therefore, when l is large relatively to v|t|/µ, A and τ t B commutes up to exponentially small error.
For quantum lattice systems, the Lieb-Robinson bound guarantees approximate locality defined above.
Theorem 2 (Lieb-Robinson). Suppose for all x ∈ Γ, the following holds:
for some positive constants µ and v. Let A, B be operators supported on sets X, Y , respectively. Then, if
where the integral is over unitaries supported on the Γ\B r (X) with respect to the Haar measure.
. Applying the Lieb-Robinson bound gives us the desired approximate locality. The readers can refer to [2] and [8] for more details about the Lieb-Robinson bound.
Proof of Main Result
By out assumption of the one-parameter group of automorphisms τ , f (z) := φ(Aτ z B) is entirely analytic. The KMS condition implies that φ is invariant under the automorphisms τ [5] . Thus,
In addition, the KMS condition also implies
At positive temperature β is finite, so the interval [0, β] is compact. Moreover, at the end points b = 0 or β, the integrand becomes φ(AB) and φ(τ −iβ (A)B) = φ(BA), respectively. Thus, at the end points, the decay rate follows trivially from that of the ordinary correlation. If we can also bound the decay rate of 
Contour Integration
For any n > 0, we integrate the function f (z) (z−ib)(z−iw) n over the contour Γ T in the figure above, where w is a fixed real number such that iw is outside the contour. By residue theorem, [5] . Therefore, 2nd and 4th terms vanish as T → ∞, so we end up with
where in the last equality we used the fact f (x + iβ) = φ(τ x (B)A). If we substitute A = I, the above identity reduces to
This identity can be proven directly using residue theorem, providing a sanity check for the above computation.
With this identity we write
Therefore,
We consider the two terms (omitting the constant constant |b−w| n 2π ) separately.
First Term
where we used the bound 1 (or the Lieb-Robinson bound when it applies) for the integral containing the origin and the crude bound [A, τ x B] ≤ 2 A B for the tails. Note that x ∈ R is important for this bound to hold. The fact that iβ, ib and iw are purely imaginary is important as well. The first summand decays exponentially as l → ∞ while the second summand decays by a power law 1/l n . Recall n can be any positive number, therefore, we have shown decay faster than any power law for this term.
Second Term
We first bound the integral of the tails.
Here, we again see that x ∈ R is crucial to ensure the unitarity of τ x . Then,
The numerator of the integrand is a polynomial in x with degree as most n. Thus for large l (hence large x),
where D is a coefficient which depends only on constants β, b, w and n. Therefore, for l large enough
For the integral containing the origin:
For l large enough,
where D is the same leading coefficient as above. Therefore,
On one hand,
which decays exponentially despite the l n term. On the other hand,
depends on whether φ is away from phase transition:
• Away from phase transition it decays exponentially as l → ∞ because d(suppA, suppB 3l/4 (x)) = d(X, B 3l/4 (Y )) = l/4 and the ordinary correlation decays exponentially.
• If φ is at phase transition, we assume the ordinary correlation decays by a power law 1/l p . Then
−µl/2v | A, B 3l/4 (x) φ |dx decays by the power law 1/l p−n−1 .
Conclusion
Away from phase transition, we simply choose n to be arbitrarily large and conclude that the canonical correlation decays faster than any power law as l → ∞.
At phase transition and the correlation function decays by a power law 1/l p with p > 1, we see that the first term is bounded by 1/l n while the second term by the slower of 1/l p−n−1 and 1/l n+1 . Therefore, the optimal choice of n is (p − 1)/2 which maximizes the minimum of {n, n + 1, p − n − 1}. Hence the conclusion that the decay rate of A; B φ is at least the power law 1/l p−1 2 . It remains to be investigated whether, at phase transition, the canonical correlation actually decays slower than the ordinary correlation for a general quantum system under our framework.
For 0 < p < 1, however, the best we can do is to take n = 0 and our method gives
This gives us no obvious rate of decay, although careful reasoning shows that it does decay.
Discussion
In the present paper, we focused on systems in thermodynamic equilibrium at positive temperature (including infinite temperature). We obtained bounds on the decay rate of the canonical correlation in situations where the ordinary correlation decays exponentially or by a power. For gapped systems at zero temperature, it is well known that the ordinary correlation function decays exponentially [6, 7] . One can show that for such systems Kubo's canonical correlation decays faster than any power of the distance [9] . On the other hand, for gapless systems at zero temperature the ordinary correlation function usually decays as a power, while Kubo's canonical correlation is not even defined. Indeed, at zero temperature and normalizing the ground state energy to be zero, it takes the form [9] :
where Ω is the ground state. If there is no spectral gap, 1/H is an unbounded operator, which means that the above expression is not defined for general bounded local observables A, B. This is in stark contrast with the situation at positive temperature, where Kubo's canonical correlation is always well-defined.
At positive temperature, we managed to show that the decay rate of the canonical correlation is comparable to that of the ordinary correlation when the system is away from phase transition. On the other hand, at a phase transition our estimated decay rate for the canonical correlation is slower than that of the ordinary correlation. In particular, if the ordinary correlation decays slower than 1/l, our method fails to establish a rate of decay. It may be that the decay rate of the canonical correlation can be improved to match that of the ordinary correlation. However, there could also exist systems with truly different decay rates for the two functions. If the latter is true, we would have critical phenomena at positive temperature that are quantum in nature. After all, for classical systems the two correlation functions are the same, so they should have the same decay property.
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